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Abstract. Lipschitz equivalence of self-similar sets is an important area in the study of fractal geometry. 
It is known that two dust-like self-similar sets with the same contraction ratios are always Lipschitz 
equivalent. However, when self-similar sets have touching structures the problem of Lipschitz equivalence 
becomes much more challenging and intriguing at the same time. So far the only known results only 
cover self-similar sets in R with no more than 3 branches. In this study wc establish results for the 
Lipschitz equivalence of self-similar sets with touching structures in R with arbitrarily many branches. 
Key to our study is the introduction of a geometric condition for self-similar sets called substitutable. 



1. Introduction 

1.1. Motivation. A fundamental concept in fractal geometry is dimension. It is often used to differ- 
entiate fractal sets, and when two sets have different dimensions (Hausdorff dimensions, box dimensions 
or other dimensions) we often consider them to be not alike. However two compact sets, even with the 
same dimension, may in fact be quite different in many ways. Thus it is natural to seek a suitable quality 
that would allow us to tell whether two fractal sets are similar. And generally, Lipschitz equivalence is 
thought to be such a suitable quality. 

It has been pointed out in [5] that while topology may be regarded as the study of equivalence classes of 
sets under homeomorphism, fractal geometry is sometimes thought of as the study of equivalence classes 
under bi-Lipschitz mappings. The more restrictive maps such as isometry tend to lead to poor and 
rather boring equivalent classes, while the far less restrictive maps such as general continuous maps take 
us completely out of geometry into the realm of pure topology (see j6]). Bi-Lipschitz maps offer a good 
balance, which lead to categories that are interesting and intriguing both geometrically and algebraically. 

There are many works done in the filed of Lipschitz equivalence of two fractal sets. Some earlier 
fundamental results are obtained by Cooper and Pignataro [I], David and Semmes [2, and Falconer 
and Marsh [11 [5]. Recently, based on these works and motivated by Problem 11.16 in [2], Rao, Ruan, 
Wang, Xi, Xiong and their collaborators obtained a series of results, see e.g. [12]- [S], [l9]-[23]. There 
are also some other related works. Xi [18] discussed the nearly Lipscchitz equivalence of self-eonformal 
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sets. Mattila and Saaranen HU] studied the Lipsehitz equivalence of Ahlfors-David regular sets. Deng, 
Wen, Xiong and Xi and Llorente and Mattila [5] discussed the bi-Lipschitz embedding of fractal sets. 

Let E and F be two compact subsets of R''. A bijection / : _E — > F is said to be bi-Lipschitz if there 
exist two positive constants c and c' such that 

(1.1) c\x-y\<\fix)^f{y)\<c'\x-y\, yx,y e E. 

E and F are said to be Lipsehitz equivalent, denoted hy E ^ F, if there exists a bi-Lipschitz map / from 
E to F. 

We recall some basic notations in fractal geometry. Given a family of similitude z = 1, . . . , n, on 

M.'^, where each has contraction ratio pi with pi < 1, there exists a unique nonempty compact subset 
E of such that IJLi = see [7]. The set of maps {^i{x), i = 1, . . . , n} is called an iterated 

function system (IFS) and E is called the attractor, or the invariant set, of the IFS. We also call E a 
self-similar set since every is a similitude. If ^i{E) D ^j{E) = for any distinct i and j, the IFS 
is then said to satisfy the strong separation condition (SSC), and E is said to be dust-like. 

Given pi, . . . ,p„ £ (0, 1) with X]"=i pf < 1' "^^^l P ~ (Pi' ■ ■ ■ i Pn) a (separable) contraction vector 
(in K."^). We denote by T>{p) the family of all dust-like self-similar sets with contraction vector p (here 
the ambient dimension d is implicitly fixed). The following property is well known, see e.g. |13j . 

Proposition 1.1. Any two sets in T){p) are Lipsehitz equivalent. 

There are examples where two different contraction vectors Pi and p2 lead to Lipsehitz equivalent 
families I?(Pi) and 'D{p2). For example, Rao, Ruan and Wang [T^] has completely classified the Lipsehitz 
equivalence of dust-like families T>{p) where p = {pi, P2), and one of the results is that pi = (A, A^) and 
P2 = (A^, A^) lead to Lipsehitz equivalence families whenever the resulting self-similar sets are dust- like. 
The paper [12] and some earlier studies such as [U [5] have explored the impact of algebraic properties 
of the contraction vectors on Lipsehitz equivalence, yielding a number of intriguing results showing the 
links. 

Nevertheless one should not overlook the importance of geometric properties of the underlying IFSs 
has on Lipsehitz equivalence of self-similar sets. Relating to this point is an interesting problem proposed 
by David and Semmes [2] (Problem 11.16). 

Problem 1.1. Let Si{x) x/5 + {i — l)/5 be a contractive map from [0, 1] to [0, 1] where i G {1, • • • ,5}. 
Let M and M' be the attractor of the IFS {Si, S3, S^} and the IFS {Si, Si, S^}, respectively. Are M and 
M' Lipsehitz equivalent? 

We call M the {1, 3, 5}-sct and M' the {1, 4, 5}-sct. Clearly, M is dust-like and M' has certain touching 
structure, sec Figure [T] In this problem, the contraction rations arc all identical so the difference lies 
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Figure 1 . Initial construction of M and M' 

entirely in the geometry of the two IFSs. David and Semmes conjectured that M ^ M' . However, 
by examining graph-directed structures of the attractors and introducing techniques to study Lipschitz 
equivalence on these structures, Rao, Ruan and Xi [13] proved that in fact M ^ M' . 

Notice that all contractive maps in above problem have same contraction ratio 1/5. Some similar 
works has been done in higher dimensional case, e.g. [51 [TBI [T71 [^ . 

A follow up study in Xi and Ruan |20| exploits the interplay of algebraic properties of contraction 
vectors and geometric properties of IFSs. It considers the following generalization of the {1,3,5} — {1,4, 5} 
problem: 

Problem 1.2. Let p = (fi, P2, Ps) be a contraction vector (in Rj. Let ^i{x) ~ piX + di, i G {1,2,3}, 
where di = 0,^3 = 1 - p^ and pi < d2 < I - P2 - Ps (e.g. ^2 = Pi + (1 - pi - /O2 - Pz)/'^). Let ^'i = $1, 
v&s = $3 and '^2{x) = P2X + ^2 with t2 = I - P2 — P3. Let Mp and M'p he the attractor of {$1, $2, <&3} 
and {^E*!, 5*2, ^"3}, respectively. See Figure\^ for their initial configuration. Are Mp and M'p Lipschitz 
equivalent? 



Figure 2. Initial construction of Mp and M'p 

Somewhat surprisingly, the Lipschitz equivalence of the two sets are completely determined by the 
algebraic property of pi and p3 and independent of p2. It is shown in |20j that Mp ^ M'p if and only if 
logpi/log/93 e Q. 

The above example is nevertheless a very special case. It is natural to exploit such algebraic and geo- 
metric connections further in more general settings, which is the aim of this paper. Given the complexity 
of even to establish the result for Problem II. 2[ this may appears to be a very daunting task. Fortunately, 
by introducing a new geometric notion called suhstitutahle we are able to prove a number of results in 
this direction. 
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Throughout this paper wc assume that p = (pi, . . . , p„) is a contraction vector (in M) with n > 3. Let 
D G T^ip)- By Proposition 1 we may assume without loss of generahty that D is the attractor of the 
IFS {^i{x) = piX + where $i([0, 1]), . . . , $n([0, 1]) are equahy spaced closed subintervals of [0, 1] 

arranged from left to right, normalized so that the left endpoint of $i([0,l]) is and the right end of 
$„([0,1]) is 1. 

We are interested in the Lipschitz equivalence of D with the attractor T of another IFS {'i'i{x) = 
PiX + ti}"^]^ having the same contraction vector p but with translations {t;} that may result in some of 
the subintervals 5'i([0, 1]), . . . , ^'r,([0, 1]) touching one another (but no overlapping). More precisely, the 
IFS i{x) = PiX + tiYi=i satisfies the following three properties: 

(1) The subintervals 5'i([0, 1]), . . . , ^n([0, 1]) are spaced from left to right without overlapping, i.e. 
their interiors do not intersect. 

(2) The left endpoint of *i[0, 1] is and the right endpoint of *„[0, 1] is 1. 

(3) There exists at least one i G {1, 2, . . . , n — 1}, such that the intervals ^'i([0, 1]) and 5'i+i([0, 1]) 
are touching, i.e. ^'i(l) = 5'i+i(0). 

Denote by T the attractor of the IFS {^'ilf^j. Figure [3] gives an example of and respectively. 
In this paper we present necessary conditions and sufficient conditions for D ~ T. 



Figure 3. Initial construction of D and T, where n = 6 



1.2. Notations and Examples. First some commonly used basic notations. Denote I]„ := {1,2,..., n} 
and S* ;= Um>i ^™ = Um>i{l' 2, ■ • ■ , n}"^ ■ We shaU cah any i G S„ a letter and i = ii • • ■ G S* a 
word of length |i| := m. ii and im is called the first letter and last letter of i, respectively. We define 
Pi = Pii - • ■ Pi„, *i = *ti o- • -o^i^ and Ti = *i(T). T; is called a cylinder of the IFS for i. Similarly 
we define (f>i ~ o • • • o <I)j^ and the cylinder ~ $i(Z?). 

Specific to this study we introduce also other notations. A letter i G S,i is a (left) touching letter 
if *i([0, 1]) and *i+i([0, 1]) are touching, i.e. *t(l) = *i+i(0). We use St C S„ to denote the set of 
all (left) touching letters. Note that one may view + 1 to be the set of all right touching letters. 
For simplicity we shall drop the word "left" for S^- Let a and (3 be the number of successive touching 
intervals among 4'i([0, 1]), . . . , ^"^([0, 1]) at the beginning and at the end, respectively. In other words, 
Uti *40, 1] and [Jtn-p+i *40, 1] arc intervals, while *„(1) ^ *„+i(0) and ^n-p{l) *„-/3+i(0). 
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Given a cylinder Ti and a nonnegative integer /c, we can define respectively the level (fc + 1) left touching 
patch and the level (k + 1) right touching patch of Ti to be 

a n 

(1.2) Lfc(ri)= UTi[i].,, i?fc(Ti)= U Ti[„].„ 

j=l j=n-l3+l 

where is defined to be the word for a-ny i & {li ■ • ■ i n}, with be the concatenation of i, [1]'° 

fc 

and the letter j (similarly for i[n]'^j). We remark that Lo{Ti) ~ Uj=i ^ij a,nd Ro{Ti) ~ Uj=n_/3+i -^ij- 

Now comes the main notation we introduce for this paper. A letter i G is called left substitutable 
if there exist j e E* and fc, fc' £ N, such that diamLfc(T!i+i) = diamLfc'(T!y) and the last letter of j does 
not belong to {1} U (St + !)• Geometrically it simply means that certain left touching patch of the 
cylinder T^+i has the same diameter as that of some left touching patch of a cylinder Ty, and as a result 
we can substitute one of the left touching patches by the other without disturbing the other neighboring 
structures in T because they have the same diameter. The actual substitution is performed in the proof 
of our main theorem. Similarly, i E is called right substitutable if there exist j G S* and fc, fc' G N, 
such that diami?fe(Ti) = diam Rk' {T(^i+i)j) and the last letter of j does not belong to {n} U St. We say 
that i G St is substitutable if it is left substitutable or right substitutable. 

Remark 1.1. Both left and right substitutable properties can be characterized algebraically as well. By 
definition, it is easy to check that diamifc(Ti_|_i) = diam_Lfc'(ry) is equivalent to 

(1-3) = PjPi Pj, 

while diam i?i;(Ti) = diam i?^' (T(-j+x)j) is equivalent to 

(1-4) =p,+l/9^;'/9j. 

Example 1.1. Let ^^1,^2, *3 be defined as in Problem [Ol and let T be its attractor. Clearly St = {2}, 
a = 1 and (3^2. Assume that logpi/logpa G Q, i.e. there exist u,v £ Z+ such that p" = pg. Pick 
fc = w + 1, fc' = and j = 2[1]". It is easy to check that (|1.4p holds for i ~ 2 and the last letter of j is 
1 ^ {3} U St. Thus the touching letter 2 is right substitutable. See Figure|4]for a graphical illustration. 



-Qt* ^ 62 



T T. 

31 ' ^ 



32[1]" 



^, + 1(^2) ^o(^32[l]") 



Figure 4. The unique touching letter 2 is right substitutable in Example ll.il 
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1.3. statement of Results. Wc establish several results in this paper. First we prove the following 
necessary condition for D ^ T , regardless of the geometric configuration of the IFS 

Theorem 1.1. Assume that D ^T. Then logpi/logp„ £ Q. 

As a result we shall always assume in this paper that log pi / log /?„ G Q. For the case of n = 3 branches 
it was shown in [JQ] that the condition log pi / log p3 G Q is also sufficient for the Lipschitz equivalence of 
D and T . So naturally one may ask whether this condition is sufficient in general. The following theorem 
shows that this is false, even for the 4-branch case. 

Theorem 1.2. Let n = 4, pi = pi, and Et = {2}. Assume that D T . Let s be the common Hausdorjf 
dimension of D and T and pi ~ pf for 1 < « < 4. Then p2 o,nd p^ must he algebraically dependent, 
namely there exists a rational nonzero polynomial P{x,y) such that P{p2, l^a) = 0. 

Later in the paper wc shall sec that if log p^/ log pj G Q for all i, j G {1, . . . ,n} then D ^ T . To go 
deeper we must take into account the geometric information of the IFS {^'i}- The main theorem of the 
paper is: 

Theorem 1.3. Assume that logpi/logp„ G Q. Then, D T if every touching letter for T is substi- 
tutable. 

As indicated in Example ll.il the IFS in question in Problems 11.21 has a single touching letter Et = {2} 
and the letter is substitutablc. Thus the Lipschitz equivalences in both problems follow directly from 
Theorem O 

Corollary 1.1 ([10]). Let p = {pi,p2, Ps) and Mp and M'^ be sets defined in Problem \1.2[ Then Mp ^ M'^ 
if and only i/ logpi/ logps G Q. 

Corollary 1.2 ([HI). Let M and M' he sets defined in Prohlem^T^ Then M - M' . 

Theorem 11.31 allows us to establish a more general corollary. The argument used to show the substi- 
tutability in Example 11.11 is easily extended to prove the following corollary: 

Corollary 1.3. D ^ T if one of the following conditions holds: 

(1) logp./logpj G Q for all i,j e{l,n,a}U (Et + 1). 

(2) \ogp,/ logpj G Q for all i,j G {1, n, n - (3 + 1} U Et. 

Proof. Without loss of generality, we only prove (1). Given a touching letter i. We will show that 
i is right substitutablc. Since logpQ/logp„,logjOi-|_i/logp„ G Q, there exist u,v,w G Z+ such that 
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p« = p;; = pf^^. Pick k = 2v, k' = and j = i[i + l]'^"^[a]". It is easy to check that (HH]) holds. Notice 



The following result, which we wish to state as a theorem because of the simplicity of its statement, 
is a direct corollary of Corollary II .31 

Theorem 1.4. Assume that logpi/ \ogpj G Q for all i,j G {1, . . . ,n}. Then D ^ T . 

We remark that the above condition is clearly not a necessary condition, as we have seen from the 3- 
branch case, for which the contraction ratio of the middle branch is irrelevant. One difference between the 
dust-like case and the touching case is that the order of the contraction ratios do matter, as Theorem ll.il 
indicates. However, the condition in Theorem 11.41 can be viewed as a weak necessary condition in the 
sense that given a set of contraction ratios pi, ... , if log p^ I log ^ Q for some i,j e {l,...,n} then 
there exists a touching IFS whose contraction ratios are {pi} such that its attractor T is not Lipschitz 
equivalent to D. This is easily done by making the contraction ratios of the left most and right most 
branches to be pi and pj, respectively. 

The rest of the paper will be devoted to proving the stated results. In Section 2 we prove Theorems ll.il 
and 11.21 and in Section 3 we prove Theorem ll.3l 

2. Necessary condition for D ^ T 

2.1. Bi-Lipschitz map related with a dust-like self-similar set. In this subsection, we will discuss 
the property of bi-Lipschitz map f : E ^ F, where E is a nonempty compact subset of M.'^ and _F is a 
dust-like self-similar subset of R'' with contraction vector (pi, . . . , p„). We assume that 



where < c < c'. 

For any nonempty subsets A,Bc Rf^, we define d{A, B) ~ inf{|a- — y| : a; G A, y e B}. The diameter 
of A is defined to be diam A := sup{|a; ~ y\ : x,y £ A]. If d{A, B\A) > 0, we say that A is a B-separate 
set. If d{A, B \ A) > X ■ diam A for some A > 0, we say that A is a (B, X)-separate set. 

We now present a lemma which is similar to [5j Lemma 3.2]. 

Lemma 2.1. For any A > 0, there exists an integer hq such that for any (E, X) -separate set A <Z E , 
there exist k,ji, . . . ,jp G S* such that -Fkju ■ • ■ i^kjp disjoint and 



that a ^ {n} U S^. It follows that i is right substitutable. 



(2.1) 



c\x -v\< \ f{x) - /(y)| < c'\x - y\, \/x,y G E, 



p 



(2.2) 




r=l 



where each jj^l — uq. 
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Proof. Given an (£', A)-separate set A C E. Let F]^ be the smallest cylinder containing f{A). Then, it 
is clear that there exists a positive constant S dependent only on F such that dianiFk < 5 diam f (A) . 
For a detailed proof, please see e.g. [Sj Lemma 3.1]. Thus, by (j2.ip . we have 

diamFk < 5 diam f (A) < Sc' diam A. 

Let uq be the smallest integer satisfying p"^°Sc' < where p = max{pi, . . . , p„}. Then, if |j'| = tiq, 

(2.3) diamFkj' < p"'MiamFk < p"«fc'diamA < ydiamA. 

Assume that F^y n/(A) ^ 0, we wiU prove F^y C f{A) by showing d{z, f{E\A)) > for any z £ F^y. 
Pick X e /"^(i^kj' n f{A)), we have 

(2.4) d{f{x)J{E\A))>d{f{A),f{E\A))>c-d{A,E\A)>cXdiamA. 
Thus, for any z g i^kj', using (|2.3p and (|2.4p . we have 

dizJiE\A)) > d{f (x) J {E\ A)) -diam Fi,y > cAdiam^ - ydiam A > 0. 
This completes the proof of the lemma. I 

Remark 2.1. By the proof, we can require that F\^ is the smallest cylinder containing f{A). Under this 
restriction, k is uniquely determined by A. Consequently, the set {ji, . . . , jp} are also uniquely determined 
by A and hq. 

2.2. Construction of (T, X)-separate sets. Let be the empty word. We say that the length of is 
0. Define 4'0 ~ $0 ~ id, p0 ~ 1 and = [0, 1]. Let lo = {-^0} and I,„ = {/j : |i| = to} for all positive 
integers to. 

By the definition of T, we know that there exists i such that 5*^(1) = ^'^+1(0). We pick one such i and 
denote it by io- Without loss of generality, we assume that pi > p„. For positive integer fc, wc define 
T(fc) to be the unique positive integer satisfying 

(2.5) p'^pi < pI'"' < pt 

It is clear that T(fc) > k and is increasing with respect to k. We define 

C' = RkiTig) U Lr[k)iTio+i)- 

We remark that D C'^ D ■ ■ ■ . 

We shall adopt the notation >; througlitout this paper. Let A be a given index set. Given two sequences 
of positive real numbers {ai)i:^A a-nd {bi)i^A indexed by A, we denote (a^) >; (6;) if there exist positive 
constants ci,C2 independent of i such that ciOi < bi < C2ai for all i £ A. For convenience of statement 
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in the proofs, wc shall often write >; bi for all i £ A, ot simply >; bi if there is no confusion about 
the index set. 

Lemma 2.2. There exists A > 0, such that C'^ is (T, X)-separate for all k. 

Proof. Notice that Rk{Tig) n Lr(k){Tio+i) is a singleton. By ()2.5p . for all k we have 
diamC'' = diami?fe(TjJ + diainL^(fe)(r,n+i) 

n a 

= PioPn ■ diam |J T^) + Pi.+ipl^'''^ ■ diam ( |J Tj^ 

j=n-l3+l j = l 

(2.6) X 

On the other hand, it is clear that the distance of C'^ and T\C^ equals the minimum of the following 
two distances: d(i?fc(TjJ, T,^[„]fc(„_^)) and (i(i^(fe)(T,o+i), T(,^+i)[i].(fc)(„+i)). Since 



and similarly, 



we know from ([23]) that d{C^ ,T\C^) x pf^ for aU fc. Combining this with (gH), we have d{C^ ,T\C^) x 
diamC'^ for aU fc. Hence, there exists A > such that d{C^ ,T \C^) > A ■ diamC'^ for any k. This 
completes the proof. I 
For aU i e E,* U {0} and e Z+, we define 

It is clear that diam = pi ■ diam C*^ and d{Cl: ,T\C^) ^ pi-d{C^ ,T\C^). Thus, is (T, A)-separated, 
where A is defined as in Lemma 12.21 For any k G Z+, we define 

Cfc = {Cf : \i\+j = k where i G U {0} and j G Z+}. 
Lemma 2.3. For any two distinct sets A,B£ Ck, we have An B = i/}. 

Proof. Suppose that A = and B = C^. It is clear that AnB = 0iffc = £. Thus, without loss of 
generality, we assume that k < £. 

Case 1. Assume that j = 0. Let m = |i|. Then m + k = d and m > 1. Notice that 
= i?(>(T'jJ U i^(f)(rj(,+i) = I [J Ti^,[nYj j U I U "^(«o+i)[i]"<' 

\j=n-/3+l j \] = l 

From C T; and t(^) > £ > m, we know that n = if i ^ {ioW""\ (io + 
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In case that i ~ ioN'"~^j '^'^ have 

\i=ri-/3+l y 

Notice that 

maxC^ = + < ^nlaCl) < *„i(l), 

minT[„]*-™+i(„_^+i) = *[„]f-™+i(„„;3+i) (0) > *„(„_^+i)(0) > *„(„_^)(1) > maxC^ 

We have n = n i?^(r,J = 0. 
In case that i = (io + wc have 

Notice that 

minC^ = «',„„(„_^+i)(0) > *i„(„_^j)(l) > *i(„_i)(l), 
maxT[i].m-„+i„ < *ic(l) < *i(„_i)(l) < minC\ 

where we use t(£) -m>i-m^k>l. We have Cf' n = n L^(f)(r,„+i) = 0. 

Case 2. Assume that j ^ 0. Let u G S* U {0} be the word with the maximal length which satisfies 

i = ui' and j = uj' for some i', j' G S* U {0}. 

Suppose that u 7^ j, then i', j' are all in S* with i'(l) 7^ j'(l), where i'(l) and j'(l) is the first letter 
of i' and j', respectively. Using C^, C Ti/fij and Cy C Ij'(i), it is easy to see that C^, n Cy = so that 

cf- n c/ = *u(Ci^ n c/,) = 0- 

Suppose that u = j. Using the result of Case 1, we have fl C[ = *j(C/^ n C^) = 0. ■ 

Lemma 2.4. For any A E Cu and B £ with u > v. We have either AD B = 9 or A C B. 

Proof. Suppose that A = and B^C^. 

If i = j = 0, then the lemma holds in this case since C'^ C ior k > £. If i = and j G E* , then 
from Lemma 12.31 we have C'' n C Cljl+^ n = so that the lemma also holds in this case. Thus, we 
can assume that i e S* in the following. 

Given i e S* . It is easy to check that we must have either D Rt{Ti^) = or Cl C Ri{Ti^), while 
Cl C Re{Tig) if and only if one of the followings happens: (1). i = io[nY and iq > n — /3 + 1, or 
(2). i — io[n]^ju for some j G {n — f3 + 1, . . . ,n} and u G S* U {0}. Similarly, we must have either 
Cl n L.r(^)(T'io+i) = or Cl C L^(£)(Tio+i), while Cl C L^(£)(TiQ+i) if and only if one of the followings 
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happens: (1). i = (iq + and io < a — 1, or (2). i = (io + l)[l]'^''^-'ju for some j £ {1, . . . , a} 

and u e U {0}. It follows that we must have either n = or C 

Case 1. Assume that j = 0. Since C for any k £ Z+, wc know from above that the lemma holds 
in this case. 

Case 2. Assume that j 7^ 0. Let u G E* U {0} be the word with the maximal length which satisfies 
i = ui' and j = uj' for some i', j' G S* U {0}. 

Suppose that both i' and j' are in S* . Using the same method in Case 2 in the proof of Lemma [2 .Si 
we have n C/ = 'f^iC^, n C/, ) = 0- 

Suppose that one of i' and j' equals 0. Using the above discussions, we can easily see that one of the 
foUowings must holds: n = or C Cy ■ 

Let i? be a given subset of M and V a family of finitely many closed subsets of E. If IJagp ^ = E and 
the union is disjoint, we call V a partition of E and define ||'P|| = maxyig-p dianiA. Let Ai and A2 be 
two partitions of E. If for any A £ Ai, there exist j G Z+ and A[, . . . ,A'j G A2 such that A = Ui=i 
then A2 is called a refinement of Ai . Clearly, A2 is a refinement of Ai if and only if for each B G A2 , 
there exists B' G Ai such that B C B' . 

Let {Vk} be a sequence of partitions of T. {Pk} is called hierarchical if Vk+i is a refinement of Vk for 
any k. {Pk} is called convergent if it is hierarchical and limfe_i,oo ll^^fcH = 0. 

Denote by card A the cardinality of A for any set A. Given a bounded subset B of M. We define 
CH{B) to be the convex hull of B. Equivalently, CH{B) is the minimal closed interval containing B. 

Let A be a given compact subset of K. Let {Ai}*L]^ be a family of compact subsets of A with the 
following properties: Ai is A-separate for all i, CH{Ai) ^A = Ai for all i, and CH{Ai) does not intersect 
CH{Aj) for all distinct i and j. Wc define S to be the family of compact subsets of A with the minimal 
cardinality such that the following two conditions hold: (1). Uses B ^ A and CH{B) n CH{B') = for 
all distinct i?, B' G <S; (2). Ai G 5 for all i. We call 5 the simple decomposition of A by {Ai}^^^. Clearly, 
there exists a unique simple decomposition for given A and {Aij^^j^. Furthermore, it is obvious that we 
have the following property by definition: 

(2.7) If B C A and CH{B) n ULi ^» = 0' ^^^'^ e^;**^ a unique E G S, such that B C E. 

We call this the containing property of the simple decomposition. For convenience, S = {A} is defined 
to be the simple decomposition of A by 0. It is clear that the containing property still holds in this case. 

Given k G Z+ and a compact subset F of T, we define Ck{F) = {A : A £ Ck and A C F}. Notice that 
A is F-separate and CH{A) r\F = A for all A G Ck{F). We define Sk{F) to be the simple decomposition 
oiFhyCk{F). 
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Now wc inductively construct {Sk} as follows. Define iSi = Si{T) and Sk+i = [Jp^g^ Sk+i{F) for 
A: > 1. Clearly, Si is the simple decomposition of T by {C^}, i.e. Si — {[0, a] nT,C^, [b, I] fl T}, where 

a = *^o"(n-/J)(l) and b = *(j„+i)[i]^(i)(a+i)(0)- 

Lemma 2.5. {Sk} is a hierarchical partition sequence of T such that Ck C S^ for all positive integers k. 

Proof. By the definition of the simple decomposition, we know that Sk+i is a refinement of Sk for all fc, 
and Sk is a partition of T for all k. Thus, in order to prove the lemma, it suffices to show that Ck C Sk 
for all k. We will prove this by induction. Clearly, Ci C Si. 
Assume that Ck C Sk for all < m for some given m G Z+. 

Claim 1. For any A G Cm+i, there exists B £ Sm such that A C B. 

Proof. Since A C T and Sm is a partition of T, there exists B e Sm such that A D B ^ (ll. Denote this 
B by Bm- Notice that by definition, Sk+i is a refinement of Sk for all k. Hence there exists (unique) 
{Bkj'^Ji such that Bk+i C Bk and Bk e Sk for all fc = 1, 2, . . . , to - 1. It follows from A n B,„ ^ that 
A n Bfc 7^ for all fc 1, 2, . . . , to. 

Suppose that AdC^ ^0. Then by Lemma [2.41 we have A C C^. Since all sets in the family Si are 
disjoint, we have Bi = so that A C Bi. Suppose that A D ~ $. Notice that A C T and Si is the 
simple decomposition of T by {C^}. Using the containing property of the simple decomposition, there 
exists a unique E £ Si\ {C^} such that A C E. By the same reason as above, we have Bi = E so that 
A C Bi. Hence, we always have A C Bi. Thus the claim holds in case that to = 1. 

Assume that to > 2. Suppose that there exists B' e C2 such that AD B' 7^ 0. Similarly as above, 
we have A a B' . By the inductive assumption, we have C2 C 52- Since 52 is a partition of T, we 
have B2 = B' so that A C i?2- Suppose that A n Ufsc, F ^ ^- Then we have A n U_fgC2(-Bi) = I^- 
Since A C i?i , we can obtain from the containing property of the simple decomposition that there exists 
B' e S2{Bi) \ C2{Bi) C 52 such that A C B'. Similarly as above, we have B2 = B' so that A C B2. 
Repeating this process, we can see that A C Bfc for fc = 1, 2, . . . , m. Thus the claim also holds in this 
case. I 

From the above claim, we know that for each A G Cm+i, there exists B G Sm such that A C B. Thus, 
we have A G Sm+iiB) C Sm+i- It follows that Ck C Sk for A; = to + 1. By induction, Ck C Sk for all 
keZ+. ■ 

By Lemma [2T5l we can show that the following corollary holds. 



Corollary 2.1. There exists a convergent partition sequence {Tk} of T such that Ck C Tk for all positive 
integers k. 
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Proof. Let £■ be a compact subset of T. An open interval (a, b) is said to be a gap oi E ii a,b e E 
and {a,b) n = 0. We call b — a the length of the gap (a, 6). Let S he a. positive real number. We 
define G{E, S) = {{a, b) : (a, b) is a gap of E such that b ~ a > S}. Define J^{E, 6) to be the family of all 
connected components of CH{E) \ {jpegiE.S) F- Define P{E, 5) ^ {A^E : Ae J{E, 5)]. Then V{E, 5) 
is a partition of E. Furthermore, for all F G 'P{E, (5), CH{F) does not contain any gap of T whose length 
greater than 5. 

Now, we define 5^ — maxjdiamA : A G Cfc} for k G Z+. Then the sequence {5k]^^i is decreasing and 
limfc_^oo 4 = 0. Define 

Tfc^ U V{E,5k), Vfc. 

Clearly, Tk is also a hierarchical partition sequence of T with Ck C Tk for all k. From C-'^ C /i, we can 
see that for any A G Ifc with k G Z+, there exists B G Cfc+i such that B C A. Thus 

||7;.+i II < 2 • max{diam A : A G Xfc} + 4+i 

for all fc so that limfc^oo \\Tk\\ = 0. It follows that the corollary holds. I 

2.3. Martingales and the proof of Theorem Assume that f : T ^ D is bi-Lipschitz, i.e., / is 
bijective and there exist two positive constants c, c' such that 

(2.8) c\x-y\<\f{x)-f{y)\<c'\x-yl Wx,yeT. 

Let s be the common Hausdorff dimension of T and D, i.e. dim// T = dim// D = s. 

By Lemmas 12.11 and 12. 2[ there exists an integer such that for any i G E* U {0} and k G Z+, there 
exist j, ji, ■ . • , jp G S* such that Dy^^ , Dy^^ , • • ■ , Dy^^ are disjoint and 

f{C^) - y C Dy 

r=l 

where each |jr| = tiq. Furthermore, by Remark 12.11 we can require to be the smallest cylinder 
containing f{C^). We denote this j by k) and define ji^k = Sr=i Pjr- Then 

(2.9) n%f{Ct))=n%Dy,^k))-lLk, and 

(2.10) 
Define 

(2.11) 

Then -fi^k £ -M for all i and k 



Dyi^k)CDy,^,,) if C^CC^ 



[ieA 
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Let {Tfc} be a convergent partition sequence of T as defined in Corollary 12. II We define 
Notice that for any A G Tfc, we can decompose Ahy A — lJi=i where A[, . . . ,Aj G Tk+i- Then, 

^ n^{A',) ^ ^ ^ _ ^ n^ifjA'^) w{.f{A)) 

it '^'(^) & ^'(^) ^'(^^) ~h " 

Let J-fc be the sigma field generated by 71-, and define 

gk{x) = gk{A) 

for X G A where A G 7fc. Then is a J^fc -measurable function. By (|2.12p . we know that {gk,J-k) is 
a martingale. Furthermore, by (|2.8p . we have < gk{x) < (c')'* for any fc and any x £ T. So the 
martingale convergence theorem implies that 

(2.13) gk{x) -> 5(2;) as fc — > 00, for H^-almost all x in T, 

where g is J-"-measurable, with J- the sigma field generated by UfcLi -^fc- 

Define /i; = p'l for any i = 1, . . . , n. For any i = ii • • • G S* , we define /^i = nfc=i A'jfc ■ Denote 
/iL = Mi ^-nd /^ii ~ J2^j=n-p+i have the following lemma. 

Lemma 2.6. If D ^ T, then there exist a constant M > and infinitely many {pi,P2,QiiQ2) £ (Z+)^ 
wif/i qi 7^ (72 fl'f^ |P2 ^ Pi M'Z2 ^ 91 1 < SMc/i f/iai 

^9 1/l^ A'toA^n Mfl + M»o + lMf ML _ ,,fci,,fc2 ,,fc„ 

l^-^^J gi , pi ^ Ml M2 ' ' ■ Mn I 

MjoM" M-R + Mio + lMl ML 

where {ki}"^^ are nonnegative integers with max^ fc^ < A/. 

Proof. Let = {«ii2 • • • *m • • • | *m £ {1, ■ • • 7 for all m} . For each a; G T, there exists ii • • • im • • • G 

such that {a;} = nm>i ^ii - '™ (^)- We call ii ■ ■ ■ im ■ ■ ■ to be the address of a;. We remark that the 
address of x may be not unique. However, if we define T to be the set of all points in T with unique 
address, then H*(r) = T-L^{T) by the definition of T. For each x & T with address ii • • • i,„ • • • , we define 
u{x) to be the point with address 12 ■ ■ ■ im ■ ■ ■ ■ It is easy to check that cr(x) G T for all x £ T. 

Let be the sigma field generated by {Ti n f : i G S,* }. Define = H'iA D f)/W{f),\/A G .F. 
Then a : {T,F,v) {T,F,v) is measure preserving. Fix p > cardTW + 1 in the proof of the lemma, 
where A4 is defined by (j2.1ip . Given q G by the Poincarc recurrence theorem, for i^-almost all 
X G C^'' nr, i.e. for 7^ ''-almost all x G PlT, there is an integer sequence < ni{x, q) < n2{x,q) < ■ ■ ■ 
such that cr"'(^^'?)(a;) G Cp« n T for aU i. Thus, from I^J^ . we can pick a point a;, G C?"? n f with 
cr"'(^'"'?^(xg) G C^"? nT for each i and gk{xq) ^ gi^q) as fc — !> 00. 



LIPSCHITZ EQUIVALENCE OF SELF-SIMILAR SETS WITH TOUCHING STRUCTURES 15 

Let ii ■ ■ ■ irn ' ' ' be the address of Xq. Define = iii2 ■ ■ ■ in^ix^.q)- Then 

Recall that ^'(/(CfJ) = H^(£'j(ij3.t)) ■ Ti^,* for any t e Z+. For any t,t' G Z+ n [l,p] with t' < t, using 
xg e Cf« c c Cf(«-'^+*', we have 

g|ifc|+p(g-i)+t(a^g) ^ ^^(-Pj(i)..p(g-i)+t)) ^ 7ifc,p(g-i)+t _ -H«(CfJg ^^+* ) 
By (|2.10p . Dj(ij^^p(g_i)+t) C Dj(ij^.p(q_i)+t') so that there exists u{q,k,t,t') G S* such that 

'^''(■Oj(ifc.p(9-l)+t)) = A^u(9,fc.t,i')'^''(^j(ifc,p(g-l)+i'))- 

Meanwhile, by definition, 
Thus 

9\ik\+p{q-l)+ti.Xq) _ 7ifc,p(g-l)+t 

7 7 —lJ-\i{q.k.t,t') ■ 

9\ik\+p(q-l)+t'KXq) lik,p(q~l)+t' 

■ „ „p(9-l)+t„ , „ , r(p(9-l)+t)„ ■ 

Claim 2. {/iu(g.fe.t,t')}9>i,fc>i.i<t'<t<p ^a^i iafce only finitely many values. 

Proof. Notice that / is bi-Lipschitz. Thus for all q > 1, fc > i, i < < t < p we have 

On the other hand, by ((2J|) . 

^^(^j(U,P(9-i)+0) and xH^(/(CfJ''-^^+*')) 

for ah q > i, fc > 1, 1 < A' < i < p. Thus 

^'*(-^j(ifc.p(g-l)+t)) >^ ^^(■Oj(ifc,p(9-l)+t')) 

SO that Mu(g.fc.t,t') >^ 1- The claim follows immediately. I 
By the claim, for fixed q > 1, the right hand of (|2.15p can take only finitely many distinct values for 
I < t' < t < p and k G Z+ so that can take only finitely many distinct values. Hence, we 

can take k large enough such that is so close to 1 that it equals 1. Since p > card + 1, 

we can take tq > t'q such that 7ifc,p(g-i)+t, = 7ifc,p(g-i)+t:, • Thus, 

p(g-l)+tg , r{p{q-l)+t^) 

MipM" Mj; + Mip+iMi Mi _ fci(g) fc2(g) fc„(g) 

p(g-i)+t;, x(p(q_i)+t^) -Ml M2 ■•■M„ , 

MioM" M-R + Mio+iMi Mi 
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where {A:i((7)}i<j<„ q>i are bounded nonnegative integers. Also, we have \{p{q — l)+tq) — {p{q — l)+t'^)\ < 
p — 1. From 

T(p(g-l)+t,) _ «(g-l)+t, _ P(9-l)+< _ r(p(q~l)+t'^) 
Pi ^ Pn Pn — Pi 

with respect to the indices p, q we know that {t(p((7 — 1) + tq) — T{p{q — 1) + tg)}g>i are bounded. 

Define pi = T{p{q - 1) + = p{q - 1) + i^,P2 = - 1) + tq),q2 = _p(g - 1) + tq. From 

1 5; < Pi we have (j'l, (j'2 G Z+ fl [^(9 — 1) + l,pq] with qi (72- Since q can be arbitrary chosen in 
Z+, we finally obtain infinitely many solution of (|2.14p . The lemma is proved. I 

Now, we can prove Theorem ll.il 
Proof of Theorem ll.li By Lemma [2.61 there exist infinitely many solutions (pi,p2, 9i, 92) of (|2.14p 

with gi =^ q2 such that (p2 — pi), (q-i ^ qi), arc constants. It follows that there are infinitely many 

(pi,(?i) e (Z+)^ and constants /iig/i^^^'^i^i?, /iig+i^i^'^'/iL, HigP-R, Hig+iP-L, Mi' ■ ■ ■ Pn" such that the 
following equation holds: 

/ \ 91 I N Pi ~ Pi P2 ' ' ' Pn ■ 

[PioPR) ■ Pn + [Pio + lPL) ■ Pi 

qr) — q-^ P2 "PX PI 

Assume that ^" ^ ^ ^'"''''"^^ —. Then there is a constant 5 such that = 5 for infinitely 

many {pi,qi) E Take (pi,qi), {p\,q[) G (Z+)2 such that {pi,qi) # (K,?;) and C = (5 = 4^. It 

follows that /.i^^ ''^ = /i?/ ''^ so that = which implies that logpi/logp„ G Q. 

Assume that = ■ Then ^92-91 ^ ^,P2-pi ^jti, ^ that logpi/logp„ e 

Q. ■ 

2.4. Algebraic dependence necessary condition for 71 = 4. In this subsection, we assume that 
n = 4, pi = p4, YiT ~ {2} and / : T — >■ D is bi-Lipschitz. Denote s := dim^f T = dim// D. Denote 
fii := pf for each i. 

Define Ek = T2[4]fc U Tgtij*: for ah fc > 0. Define £1 = {Ti,T4, Eq} and 

£k+l = ^l{£k) U *4(£fe) U (*2(5fc) \ {r2[4]4) U (*3(f;.) \ {T3[i].}) U {i?fe} 

for all fc > 1. For example, the sets in the class £2 are: 

Tii,ri4,«'l(£;o), T4i,T44,*4(£^o), r2i,*2(So), T34,«'3(So), El 

Remark 2.2. Let io = 2 and {C^'j^^ defined as in subsection 2.2. Then C'' — r2[4]fc+i Ur3[i]fc+i = Ek+i 
for fc > 1. Also, it is clear that the sequence {£k}kLi is a convergent partition of T. However, in this 
subsection, we will not use these facts and the martingale convergent theorem. 



It is clear that the following lemma holds. 
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Lemma 2.7. Let Xq = niin{^^^^|^ : A G £i}. Then each set in the family IJ^^ £k 'is (T, X^)- separate. 
For any A £ £k, we define 

We also abuse the notation gk{x) = gk{A) for x <E A. Assume tliat {Ai, . . . ,Aj} be a partition of A in 
£k+i, i-c. A ~ Ui=i Ai^ Ai G ffe+i for each i, and the union is disjoint. Then it is clear that 



Lemma 2.8. The set : x &T,k>l} is finite. 



Proof. Notice that ^1'^^+^ ^ ~ fii for all k. By induction, we can easily see that 
■ A G £k+i,B G £k with Ac B} = < fii, ^i2, fJ-s, m + 



.n[B) J L M2 + M3 M2 + M3. 

for all fc > 1. On the other hand, using Lemma I^TTl Rcniark [2.1l and Lemma [^771 and using the bi-Lipschitz 
property of /, we can obtain that the set 

{w(T^ • ^ ^ ^fc+i.^ e ^fc with A C i?, A; > l| 

is finite. 

Given x G T and /c > 1. We assume that x E A C B with A G f^+i and B <E £k. Then 

^ H^ifjA)) W{B) 
gk{x) -H^ifiB))' n^iA)- 

By above discussions, we know that the lemma holds. I 

Now we have the following property by using Lemma 12.81 We remark that the proof of this property 

is same as the proof of Lemma 4 in [21], which was restated in [12] for completeness (see the proof of 

Lemma 2.4 therein). Thus we omit the proof. 

Lemma 2.9. There is a set Aq in the family IJ^j^ £k CLnd a constant 5 > 0, such that gk{x) = S for all 
X £ Aq and k > kQ, where Aq G £ka- 

By the lemma, the restriction of / on is measure-preserving up to a constant. Thus, if we choose 
io G S4 such that ^'ij,(r) C Aq, then the restriction of / on ^'ij,(T) is also measure-preserving up to a 
constant. Hence, without loss of generality, we assume that Aq ~ 5'i„(r) in the sequel. 

By Lemmas l2.1l and r2.71 there exists an integer ni such that for any k G Z+ . there exist j , j 1 , . . . , jp G S| 
such that Djjj , -Djja, • ■ • , -Djjp are disjoint and 

f{^ioiEk))^[jDii^, 

r=l 
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where each jj^l = ni. Furthermore, by Remark 12. 1[ we can require Dj to be the smallest cylinder 
containing f{'ifig{Ek))- We denote this j by j'(fc) and define 7^ = ^2^=1 Wr- Define 

Proof of Theorem 11.21 Notice that + ^2 + A'3 = 1- order to prove the lemma, it suffices to 
show that there exists a polynomial P{xi,X2,X3) with rational coefficients such that P{^i, fi2, IJ-s) = 
and — X2 — X3)/2,X2,X3) is not identically equal to 0. 
Define f : T ~> D hy 

/(X) (x)). 

Let X* be the unique point in the set T2 n T3. Assume that {f{x*)} = Dt^t2 - - 

Given i = 1112 • • • ife G S| and t G {1, 2, 3, 4}, we define A'^(i) to be the cardinality of {j : ij ~ £,1 < 
J < k}. 

Case 1. Assume that there are infinitely many k such that = 2. Then limg^^oo ^2(j'('?)) ~ oo- Notice 
that card A/' < +cxj. Thus, we can choose qi, (72 with 1 < 9i < 92 such that 7^^ = 7^^ and 

(2.16) A^2(j'(<Z2)) > ^2(j'(<7i)). 

From 7^^ — 7^^ and Lemma 12.91 we have 



Thus, by (EUl), 



Q2~Qi k-\ ho h'i 

Mi = Ml M2 Ms 



with ^2 G Z"*" and ^1,^3 G N. Since the above equality does not hold if we plug in /ii = 1/2, ^2 = Ms = 
we know that /i2 and /is are algebraic dependent. 

Case 2. Assume that there are infinitely many k such that = 3. Then using the same method as in 
Case 1, we can obtain that ^2 and /is are algebraic dependent. 

Case 3. Assume that there are only finitely many k such that tk G {2,3}. Then there exists go G Z+, 
such that A^2(j'(<z)) = A^2(j'(go)) and A^s(j'(g)) = N-S'iqo)) for all q>q^. 
By definition, 

W{Ke,,)) n^jDyiMo 
H^iEg,) (A*2+M3)Mf -H^lr)' 

Substituting /i3 by 1 — 2/ii — ^2, we know that 7^^ is a polynomial of /ii and yU2 with integral coefficients. 

By using Euclidean algorithm, it is easy to see that there exist polynomials Q(fii,fi2) and i?(/i2) with 
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rational coefficients, such that 7^^ = (1 - 2^i)(3(/^i, /^2) + -R(/^2)- Thus 7^^^ = (/^2 + /^3)<3(M1) ^^2) + -R(a*2) 
so that 

From Eqg = T2[4]qa ur3[i]go, we know that ^i„{T2[4]qai) C 'i'i„{Eqg). Thus the smallest cylinder of D 
containing /(4'io(T2[4]goi)) is a subset of the smallest cylinder of D containing f{'iiig{Eqg)). It follows 
that there exists a polynomial P of /ii, /i2, /is with integral coefficients, such that 

By Lemma [231 and the definition of /, the right hand sides of (|2.17p and ()2.18p are equal so that 
(2.19) {{fi2 + fi3)Q{f^i,m) + R{fJ'2))fJ'im = + fJ'3)P{fJ'l,t^2,m)- 

Case 3.1. Assume that the polynomial R{x) is not identically equal to 0. Then there exists a 7^ such 
that R{a) ^ 0. Notice that p.l9p docs not hold if we plug in fii ~ 1/2, fi2 = a, = —a. Thus fi2 and 
/i3 are algebraic dependent. 

Case 3.2. Assume that the polynomial R{x) is identically equal to 0. Then from (|2.17p . we have 

Since there are only finitely many k such that t^. ~ {2, 3}, we can choose 53 > go such that in the right 
hand side of 

p 

fi^iAEq,))=[jDii^, 

r=l 

where j, ji, . . . ,jp have same meaning as above, the cylinder D^y^ containing ^i(,(a;*) satisfies iV2(jr) = 
N^dr) = 0. It follows that 7^^ 7^ if we plug in /ii — 1/2, ^2 = A^a = 0. 
Notice that 

n^ifiEq,)) _ ^^(^j'(,3))-7; 



qaJ VP2 -r H-iJh'''^ 

By (|2.20p and using Lemma [^7^ we have 



^ (-Dj'(9o)) 



93 ■ 



It follows from A^sO'fe)) = A^2(j'(go)) and A^3a'(<Z3)) - A^3(j'(9o)) that J^g^ = for some k e N. 
Thus the above equality does not hold if we plug in /.Ji = 1/2, /.t2 = /i3 = so that /.J2 and /i3 are algebraic 
dependent. I 



Example 2.1. Let n ~ 4 and St = {2}. Let /.J2 = e/4, /i3 = 1/4 and /.ti = /i4 = (1 — ^2 — /^3)/2, where 
e is the Euler constant. Let pi = jif for all i. Then dim// I? = dim_y T = 1/2. By Theorem II. 2( D ^^T . 
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3. Sufficient condition for D ^ T 

3.1. Graph- directed sets corresponding to D and T. Now we recall the notion of graph- directed set. 
Let G = (V, r) be a directed graph and d a positive integer. Suppose for each edge e g F, there is a 
corresponding similarity 5e : R'' — !> with ratio r^- Assume that for each vertex i G V, there exists an 
edge starting from i, and assume that r^-^ ■ ■ ■ r^^ < 1 for any cycle ei • • ■ e^. Then there exists a unique 
family {Ki\ii^v of compact subsets of such that for any i ^ V, 

(3.1) = y y 

where £ij is the set of edge starting from i and ending at j. In particular, if the union in (|3.ip is disjoint 
for any i, we call {Ki}i^v arc dust-like graph-directed sets on (V,r). For details on graph-directed sets, 
please see [iTl [15] . 

Similarly as Theorem 2.1 in }13j . we have the following lemma which was also pointed out in |20j . 

Lemma 3.1. Suppose that {Ki}ii=v o,nd {K[}i^v are dust-like graph- directed sets on (V,r) satisfying 
i3.1\) and K[ = Ujey Ue6£ ^Li-^'j)- V similarities Se and S'^ have the same ratio for each e gT , then 
Ki ^ K[ for each i (E V . 

Definition 3.1. Assume that fC = {A',}™ and /C' = {A'^'}™ are two families of compact subsets of 
R*^, where m > 2 is a given positive integer. We say that two compact subsets A and B of have 
same dust-like decomposition w.r.t. IC and K,' , if there exist a positive integer t > 2 and positive integers 
ji,j2,---,jt e {l,...,m}, such that 

t t 
A=\J S,{Kj,), and B=\J Sl{K'^J, 

i=l i=l 

where the above two unions are disjoint, while for each i, Si and S'^ are similarities from M.'^ to R*^ with 
same ratio. 

Clearly, the following lemma is a weak version of Lemma 13.11 

Lemma 3.2. Suppose that K, = {Ki}^^ and K,' = {A','}™ are two families of compact subsets o/R'^. 
If for each 1 < i < m, Ki and K[ have same dust-like decomposition w.r.t. K, and K,' , then Ki ~ K[ for 
each i = 1, . . . , m. 

Given i G E* and a nonnegative integer k. We recall that ifc(Ti) — Uj=i Rk{Ti) — 

Uj=n-/3+i -^iN'"j defined in (|1.2p . Now we define 

Q n 

Lk{Di) = y A[i]''j7 Rk{Di) = y A[n]'=j- 
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In the rest of this section, we wih always assume that log pi / log p„ e Q and every touching letter is 
substitutable. Thus, for any i £ Ey, there exist ji G E* and fci,fc- e N, such that one of the following 
holds: 

(1) diamifc. (Ti+i) = diamLfc'(ryJ and the last letter of j,; does not belong to {1} U (Et + 1), 

(2) dianii?fc;(Ti) = diami?fc'(T(j+i)j.) and the last letter of ji does not belong to {n} U Et- 

From logpi/log/9„ G Q, there exist p,q <E Z+ such that = p'^. Notice that we can choose p and q 
large enough such that p,q > maxjfc,- + : i G E7-}. As a result, we have 

(3.2) Lfc;(r,[„]2,jJ n i?3,(T,) = ifc.(AN^.jJ n i?3g(A) = and n = 

for any left substitutable touching letter i, and 
(3.3) 

L^piTi+i) n -Rfc^(r(i+i)[i]2pj.) = L3p(A+i) ni?fc;(l?(i+i)[i]2pjj and Lp{Di+i) n i?^^ (1^(^+1^ J = 

for any right substitutable touching letter i. We remark that this restriction is useful in the definition of 
D^^^ and in the proof of Lemma 13.111 We will fix p, q in this section. 

Given a positive integer m. Let Jm = U|i|=m ^^'^ Jm,i, ■ • • , Jm,cm are the connected components of 
Jm, spaced from left to right. We define = {i \ Ij C Ji.i} for i = 1, . . . , ci. Define 

Then for any i G E* and fc G N, we have 

ife(A) = '^i[i]>^{D['^), Rkm = $i[„].(i?W). 

For any touching letter i, we define 

T^P' = i?o(T^O U Lo(T,+i), ^ = ii'o(A) U io(A+i), 

rf ^ = i?,(T,) U £p(T,+i), ^ = E,(A) U Lp(A+i). 

We remark that Ra(Ti) = *i(r4^^) and Lo(Tj+i) = vI',i+i(Tp^). Furthermore, for any touching letter i, 
if I is left substitutable, we define 

t;*^^ = i?,(r,;) u Lfc,(r,+i), ^ = ifc;(Aj.) u i?,(A). 

Otherwise, we define 



t'>^^ = (T,) U Lp(r,+i), ) = £p(A+i) U 
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Define r = {T} U {t}^^ : i = I,-- - ,ci} U {T^^^ : i eY.T,j = 2,3,4} and V = {D} U {Z^f ' : i = 
I,-- - ,ci} U {-Dp^ : i G ^T,j = 2,3,4}. We will show that each corresponding pair in T and V have 
same dust-like decomposition w.r.t. T and D. 

3.2. T/ie family T*. Given i e S* . We say that i G if there exist i' G S* U {0}, j G St + 1 and 
A: G N such that i = Similarly, we say that i G if there exist i' G S* U {0}, j G St and k eN 

such that i = i'j[n]'^. The following lemma is easy to check. 

Lemma 3.3. Given i G S* and j G {1, . . . , Ci}. Then 'ii{Tj^'') is T-separate if and only if one of the 
following conditions holds: (1). 2 < j < ci — 1; (2). j — 1 and i ^ S^; (3). j = Ci and i ^ S^. 

Define 

r(i) = : i G S; U {0} and j G {1, . . . ,Ci} such that ^-iCT^^^) is T-separate}, 

7-W ^ {<I'i(Tf ^) : i G S; U {0} and j G St}, fc = 2, 3. 
It is clear that all sets in T'^-* and T"'"^-* are T-separate. Define 

T* = {A\ A is a disjoint union of finitely many (> 2) sets in the class T^^^ U T^^' U 7"'^^}. 

Remark 3.1. Assume that A G T^'^'> with A C (0, 1). Then it is easy to check that G T^^^ for any 

i G S;. It follows that G T* for all B G T* with B C (0, 1) and all i G S;. 

Let SJ^ = {ii*2 ■ • ■ *m " • ■ I *m S {1, . . . , n} for all m} as defined in the proof of Lemma 12.61 Given 
i ~ ii ■ ■ ■ im ■ ■ ■ G S^, there exists a unique point x E T such that 

oo 

{x}^ fl ^,,...^[0,1]). 
rn—1 

We denote this unique x by 7rT(i). Then ttt : S^ — !> T is a surjection. Similarly, we can define 
: S- ^ by 

OO 

{7rD{i)} = fl $,,....,„([0,1]), Vi = zi---z™--- G S^. 

m— 1 

Since D is dust-like, ttt) is a bijection. 

By definition of ttt and ttt) , it is easy to check that 

(3.4) nDOTr^^^iiT^"^)) = ^i{Df), y^^iT^"^) G T^''\ k = 1,2,3. 

Using this fact, we have the following lemma. 

Lemma 3.4. Let A G T* . Then A and no on^^{A) have same dust-like decomposition w.r.t. T and D. 
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Proof. Assume that A = IJ™ Ai, where m > 2, G T^^-* U T*-^' U T"^'^-' and the union is disjoint. Then 

m 

(3.5) TTu o 7ry-^(A) = [J TTD o 7rj;^(Ai). 

1=1 

From the union in IJ™ Ai is disjoint, we can see that the union in IJ™ ^ ^T^i^i) is disjoint. Since ttjj 
is a bijection, we know that the union in p.Sp is also disjoint. From p.4p . we can sec that the lemma 
holds. I 

3.3. Graph- directed decomposition of T and T) and the proof of sufficient condition. The 

following lemma is easy to show. 

Lemma 3.5. The following pairs have same dust-like decomposition w.r.t. T and V. 

(i) T and D; 

(ii) T;^^' and Dp' fort = ,ci; 

Proof, (i) Clearly, T and D can be decomposed to following disjoint unions. 

1=1 i=l 

(ii) Given i = 1, . . . , ci. Notice that 

(3.6) Tf ) = U = U *^(^) = U U 

jGAi jeA, jeA, k=l 

Let b{i) and e{i) be the minimal and maximal element in A^. respectively. If b{i) ~ c(i), then 

k=l 

since each ^^hj^i) (T^^'') is T-separate in this case. If b{i) < e{i), then for any b{i) < j < e{i), 

vi/,-(tW)uvi/,+i(tW) = i;(^\ 

and other '9j{Tj,^'^) in (|3.6p are T-scparatc so that they belong to T*-^-*. Thus T^''^-' also belongs to T* in 
this case. By Lemma [33 Tf ' and ' ^(Tf ') have same dust-like decomposition w.r.t. T 

and V. ■ 

Remark 3.2. It follows from the above lemma that T^^-* C T*. 

Lemma 3.6. Given i G E* and two nonnegative integers u,v with u < v. The pairs L„(Ti) \L„(Ti) and 
Lu{Di) \ Ly{Di), Ru{Ti) \ Ry(Ti) and Ru{D{) \ Ry{D\) have same dust-like decomposition w.r.t. T and 
T>, respectively. 
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Proof. Without loss of generality, we only show that L^{T\) \ Ly{T\) and Lu{D\) \ L^{D{) have same 
dust-like decomposition w.r.t. T and T). Clearly, 

Thus, from Lemma and noticing that Lu{T\) \ Ly{Ti) ~ Ufc=i (^Lk{Ti) \ Lk+i{Ti)j , it suffices to show 
that ifc(Ti) \ Lk+i{Ti) e T* for all fc £ N. 

Given fc G N. Assume that 1 ^ St, i.e. a = l. Then 

n ci 

Notice that (ri,^') is T-separate in this case. By Remark [3?2l ifc(Ti) \ ifc+i(Ti) e T*. 

Assume that 1 e St, i.e. a > 2. Then Lfc(ri) \ Lfe+iCTi) = where 

(3.7) ^ = f U T,] u((jT^ = ^[J ^.{TjA U (U U MTjA • 

/ J \j=2 J \£=2j=l J 

For each 1 < ^ < a - 1, *£(r4^') U e+i{T^^'^) = t/^'. Furthermore, other *i(rj^^) and ^^(rj^^) in the 
right-hand side of p.7p are T-separate. By Remark [XTl it is easy to see that Lk{T{) \ Lk+i{Ti) & T* ■ M 

From this fact, we have the following lemma. 
Lemma 3.7. For any i £ St, o,nd Di have same dust-like decomposition w.r.t. T and V. 
Proof. For each touching letter i, we have following disjoint unions. 

i;^') = (i?o(T,) \ Rq{T,)) U (Lo(T,+i) \ ip(T,+i)) U T;^'^ and 

Df^ = (i?o(A) \ U (io(A+i) \ ip(A+i)) U Df\ 

The lemma follows from Lemma 13.61 I 

Given i = iii2 ■ ■ ■ inn j = .71^2 . . -jm G with the same length. We denote by i < j if there exists 
1 < fc < m such that ik < jk and it = jt ioi 1 < t < k. We denote by i < j if i < j or i = j. 

Given i, j g S* with i < j. We say that (i, j) is a joint pair if k < i for every k G S* with k < j. 

Lemma 3.8. Let i,j G S* with "^[{O) < Suppose that [\I'i(0), *j(l)] n T is T-separate and 

max{|i|, |j|} < min{p,g}. Then [*i(0), n T G T* . 

Proof. Given k G S*, we define the middle part of Tk to be M{Ti^) = Uj=f+i^kj- It is clear that 
M(7k) = Tk \ {io(7k) U i?o(7k)}. We remark that M{T)^) for aU k if a = n - (3. In case that 
a < n - /3, it is clear that M (Tk) G T* for all k. 
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Without loss of generality, we may assume that |i| < |j|. Define A: = |j| — |i|. Then [\E'i[]^]& (0), ^'j(l)] nT 
is T-separate since ^'i[i]fc(0) = ^i(O). Thus, noticing that the lemma holds in case that i = j, we assume 
that i < j in the sequel of the proof. 

Define m = |i|. Let j) = {k e : i < k < j}. Then 

(3.8) [vi'i(o),vi/j(i)]nr= y Tk. 

keE(iJ) 

Now we arbitrary pick a joint pair (u, v) with u, v G Notice that 

Tu = io(Tu) U i?o(Tu) U A/(ru), Tv = Lo{T^) U i?o(Tv) U M{T^). 

In case that i?o(7u) is T-separate, we have -Ro(7u) G T'^'. Also, in this case, we must have Lq{T^) is 
T-separate so that La{Tv) 6 T"*-^-*. It follows that there exists A(u,v) G T* such that 

(3.9) Tu U Tv = To(Tu) U i?o(Tv) U A(u, v), 

where the union is disjoint. 

In case that i?o(T'u) is not T-separate, we define s to be the maximal nonnegative integer which satisfies 
u = u'[n]* for some u' G S*. Let u' = uiU2 ■ ■ -Um-s- From Lemma [3.31 '^e have u,„_s G St so that 
V = v'[l]''' where V = ui - ■ ■ u„i-s-i{um-s + !)• It is clear that s < min{p, q} since |u| = |i| < mm{p,q}. 
Notice that 

i?o(Tu) = i?9-s(Tu)U (i?o(Tu)\i?,_.(Tu)), io(Tv) =ip-.(Tv)U (io(rv)\ip-.(Tv)), 

where the unions are disjoint and -Ro(7u) \ -Rq-s(Tu), Lq{T^) \ Lp^s{T^) G 7~* by Lemma 13.61 Since 

Rq-s{Tu) U Tp_s(Tv) = i?<j_s(Tu/[„]s) U Tp_s(Tv/[i]s) = i?g(Tu') U Lp{T^i) 

= *«i...„„._._i(i?g(T„,„_J UTp(T„„_,+i)) = *«i...«„,_._i(Ti^lj e r(3\ 

we know that in this case, there also exists A{u, v) G T* such that p.9p holds while the union is disjoint. 

Notice that To(ri) and Rq{T^) are T-separate so that they are all in T*. Using p.8p and p.9p . we can 
see that the lemma holds. I 

Corollary 3.1. Given i 1, 2, . . . , n, fc G N and j G S* with A: + |j| < min{p, q]. Assume that the last 
letter of j does not belong to {1} U (Sy + 1). Then Rq{Ti) \ (^R3q{Ti) U ifc(Tj[„]2<jj)^ G T*. 

Proof. Let j = jij2 ■ ■ ■ jm- Then jm > 1. Define u = ji ■ ■ ■ jm-i{jm — !)• It is easy to check that 
RgiT,) \ (i?3,(T,) U Lfe(T,[„]2,j)) = ([ai, 6i] U [a2, 62]) n T, 
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where ai = 1'i[„]<,(„-/3+i) (0), bi = *j[„]2,u(l), 03 = *^[„]2<jj[i]fe(a+i)(0), 62 *,[n]39(„_,3) (!)■ Thus it 
suffices to show that [ai, 61] n T e T* and [02, 62] n T e T*. Notice that 

[ai,6i]nT= (i?,(T0\i?29-im)) u (k,6i] nr), 

where a'j^ = 'I'i[„]2g-i(„_^_|_x)(0) and the union is disjoint. Using Lemma |3.8[ we have 

61] n T = ^'.[^.p,-! ([^'(„_^+i)(0), *„u(i)] n r) e r* 

so that [ai,6i] flT G T*. 

Let s be the maximal nonnegative integer such that j = [n] for some j' g E* . Then s<|j| — 1<(7 — 1. 
Notice that 

[a2,&2]nr= (7?2g+.+i(T0\i?3,(T0) u([a2,62]nT), 

where 63 = ^j[n]29+s+i(n-/3)(l) and the union is disjoint. From |j'| + fc + 1 < mui{p,q} and Lemma r3.8[ 
we have 

[02, fe'2] n T = «',[„]2,+. ([«'j,[i].(„+i)(o), *„(„„^)(i)] n r) e r* 
so that [02,62] nT e r*. ■ 

The following lemma is useful in the proof of Lemma 13.111 
Lemma 3.9. For any left substitutable touching letter i, we have 

(3.10) *,[„]2, o ^-\T^^^^) = R3,{T,) U L2p+fe,m+i), 

(3.11) $,[„]2, 0$-lpf ) =i;,,(A[„]2,jJUi?3,(A). 

Proof. By definition of T^^"^ , in order to prove p.lOp , it suffices to show that 

*,[„]2, o ^r\R^(T,)) = R3q{T,) and *,[„]2, o ^l>;\Lk,m+i)) = i2p+fc. (T^<+i)- 
It is clear that 

diam*,[„]2, o ^r^{Rg{Ti)) = diami?3,(Tj) and 
diam*i[„]2, o '^r^ (Lk,{T^+i)) = diam L2p+fc, (7i+i). 
Notice that the maximum value of ^'i[„]2g o 'ii^^(Rq(Ti)) is 

^',[„]2, o *,r'(*»(i)) = *»N^.(i) - *.(i), 

which equals the maximum value of RzqiTi). It follows that *,[„]2, o ^T^{Rq{T,)) = R^qiT,). 

Since i is a touching letter, the minimum value of T^+i equals 4'i(l). Thus the minimum value of 
^j;[„]2<, o'$~^(Lki{Ti+i)) is also ^,(1), which is equals the minimum value of i2p+fci (2^i+i). If follows that 

*,;[„]2, O *7l(Lfc,(T,+ i)) = L2p+k,{T^+l). 
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In order to prove p.lip . it suffices to show that 

$,[„]2, o $~^(ifc;(Aj,)) = ifc;(A[«]2.jJ and $,[„]2, o <i>-'^{Rg{Di)) = i?3g(A)- 

Similarly as above, we can easily see that $i[„]2, o ^~^{Rq{Di)) = R^q{Di). Using diameter and noticing 
that the minimum value of $i[„]2g o $,^^(Lfc' (Z?y .)) is 

$,[„]2, O $-l($,j.(0)) = $,[„]2,j,(0), 

which equals the minimum value of L^./ (_Dj[„]25j.), we know that $i[„]2g o — ij./ (_Dj[„]2gj.). 

■ 

The following lemma is natural. 

Lemma 3.10. Giveni,'} G S*. If there existu,v £ Z+ smc/i that Lu(Ti) is T-separate and diam Lu{Ti) = 
diamL„(Tj), then L„(Ti) and L^{Dj) have same dust-like decomposition w.r.t. T and V. 

Proof. It is clear that 

a a 

fc=i fc=i 
By diamL„(Ti) — diamii,(rj), we have /o"pi = Pi'Pj so that the contraction ratios of and are 

same. Thus the lemma follows from that T^^^ and have same dust-like decomposition w.r.t. T and 
V. I 

Based on the above lemmas, now we can prove the following crucial lemma. 

Lemma 3.11. For any i G St, the pairs T^^"^ and Df'\ T^^^ and uf"^ have same dust-like decomposition 
w.r.t. T and V. 

Proof. Without loss of generality, we only show that the lemma holds for every left substitutable touching 
letter i. By Lemma [3791 we have 

(3.12) T;^^) =A,U [L.p{T,+,)\L2p+k,{T:+i)) U U (vl/^[„]2, o vl/-i(j;(4))^ ^ 

(3.13) Df^ =BiU (ip(A+i) \i2p+fe,(A+i)) UB2 U ($,[„]2, o$-i(i^f))), where 

Ai = Rq{Ti) \ (ife;(Ti[„]2<,j.) u R3q{T,)j , A2 = ifcj(Tj[„]25j.), 

Bi = Rq{D,) \ (Lfc,(A[„]2,jJ Ui?3g(A)), B2 - L2p+k,{D^+l). 

Notice that L^' (I?i[„]2<jj. )ni?3g(-Di) = by (|3.2p . Since D is dust-like, it is clear that the union in (|3.13p 
is disjoint. By definition, the last letter of ji does not belong to {1}U(I]t + 1)- Thus, using Lemma [3T3l we 
know that A2 = (Tj[„]2,j.) = *,.[„]2,j^[^]fc; (r^^^^) is T-separate. Hence, by ij.. (T,[„]2,j J n R^qiT,) = 0, 
we know that the union in p.l2p is disjoint. 
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By Lcmma l3.10[ wc know that Lp{Ti^i) \ L2p+ki{Ti+i) and Lp{Di^i) \ i2p+fci have same dust- 

(3) (5) 

like decomposition w.r.t. T and V. Thus in order to show that and have same dust-hke 

decomposition w.r.t. T and it suffices to show that Ai and A2 and B2 have same dust-hke 
decomposition w.r.t. T and P. 

Notice that + fc^ < mm{p,q} and Lj./ (T!;[„]25j. ) is T-separate. By CoroUarv l3.11 we have Ai e T*. 
It is clear that Bi = ttd o Tr^^{Ai). By Lemma |3.4[ Ai and Bi have same dust-hke decomposition w.r.t. 
r and V. 

Notice that diam A2 = p^^'diamL^,' (Ty .) and diam L2p-|-fe. (Ti+i) = p^^diam Lj.. (Tj+i). From the defini- 
tion of ki, k[ and ji; we know that diamL^,'(TyJ — diam Lfc.(Ti so that diam^2 — diamL2p+/ci (Ti_|-i). 
Since A2 is T-separate, by Lemma 13.101 A2 and B2 have same dust-hke decomposition w.r.t. T and 2?. 
Hence, Tl ' and D'- ' have same dust-hke decomposition w.r.t. T and T). 

Using Lemma l3. 91 again. 

t/^) = Ai u A3 u A2 u o , 

^ = Bi U B3 U U o ')) , where 



A3 = Lfc, (Ti+i) \ L2p+fe, (Ti+i), i?3 — Lfcj (AjJ \ L2p+k[ (Dij^), B'2 — L2p+k[ (AjJ- 

Similarly as above, we can see that A2 and B'2 have same dust-like decomposition w.r.t. T and T). 

By Lemma [3.10[ A3 and Lk^iDi+i) \ L2p+ki{Di+i) have same dust-like decomposition w.r.t. T and 
V. Notice that 

\i2p+fe.(A+i) = <i>(,+i)[i]^. (i?^'^<I>[l].pp^^)), 

By the definition of ki, k[ and ji, we know that pi+ipj^' = pi' Pi^^ ■ Thus it is easy to see A3 and B^ have 
same decomposition w.r.t. r and 2?. As a result, t/'^^ and Z^f ^ have same dust-like decomposition w.r.t. 
r and 2?. I 

Proof of Theorem 11.31 The theorem follows from Lemmas 13.21 13.51 13.71 and 13.111 I 
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